English

UNIVERSITY OF BERGEN
The Faculty of Mathematics and Natural Sciences

Exam in MAT121 - Linear algebra
June, 06, 2020, from 09.00 to 15.00

e Allowed help resources: all, except of communication between students

The exam consists of two parts:

The first set of exercises is of type “multiple choice”. You have to choose the cor-
rect answer and mark it. This part assumes that you give answers on the computer.

The second set of exercises requires from you an ability to make a proof of some
statement. If you have difficulty to write it on the computer, just write it by hand
on the additional ark and deliver.

1.1 Consider the vectors:

1 h 1
Zi=10|, T.=|1]|, Z3=| 2n
0 —h 3h+1

The set of all values of h for which {Yl, 72, 72} are linearly independent is given
by: (choose the correct answer)

oh#-1,h#-1
oh=-1h=—3
oh=0,1,2,...

o for all values of h # 0

o non of them



3 points

2.1 The matrix

11 1
A=11 2 &k
1 4 kK
is not invertible if: (choose the correct answer)
ok=1 k=2
ok=0
o kA1 kA2
ok?—k=0

o non of them
3 points

3.1 Suppose the following information is known about a (3 x 3) matrix A:

1 1 1 1 2 1
Al2l =62, Al|l-1|=3|-1|, A|-1|=3]|-1],
1 1 1 1 0 1

Then the matrix A has the following eigenvalues: (choose the correct answer)
oA =6, XN=3 M=0
oM =6, XN=3 M=3
oAM=6, X=3
o A1 =6, Xy =3, and A3 is impossible to find
o non of them

4 points

4.1 Suppose the following information is known about a (3 x 3) matrix A:

1 1 1 1 2 1
Al2l =6l2|, A|-1|=3|-1]|, A|-1|=3]|-1],
1 1 1 1 0 1

Then the following vectors are eigenvectors of A: (choose the correct answer)



1 1 -1
o |2], -1/, 0
1] | 1] | 1
1] [1] Jo
o |2], —1(, 10
1] | 1] 0
1 R
o |2], —1
1 R
o |2], |—1|, and the eigenvector s is impossible to find
1 1

o non of them

4 points

5.1 Consider the matrix

o 1 2 3
A=|1 -3 4 5
-3 10 -6 -7

We denote Be the basis of the column space Col (A), Bg the basis of the row
space Row (A), and Boy an orthonormal basis of the null space Null (4) of A. The
mentioned above bases are given by: (choose the correct answer)

@)
0 1 2
Be = 1],]-3(,|4 ,
-3 10 —6



BR - {[]—7 Oa Oa %} ’ [07 1a 07 %} ’ [07 Oa 17 %}}7



1 0 0
BC_ 0 ) 0 3 0 9
0 0 1

—6
1]1-2

BON - § 5|
4

o non of them

4 points

6.1 Suppose that the matrix A is diagonalizable and has the characteristic poly-
nomial
det(A — I(A\)) = N2\ = 3)(A +2)°(A — 4)°.
Let (m x m) be the size of the matrix A, d is the dimension of the eigenspace
corresponding to the eigenvalue A = 4 and p = dim (Null (A)). Which of the
following numbers correspond to the matrix A? (choose the correct answer)

mxn=9x9, d=3, p=2

mxn=9x4, d=3, p=2

mxn=4x4, d=1, p=0



mxn=9x9, d=3, p=0

o non of them

4 points

7.1 Let A, B, C be (n X n) invertible matrices. When you simplify the expression
C—I(AB—I)—I(CA—1>—102
which matrix do you get? (choose the correct answer)
o C~'BC
o A
o C7TA-IBC—1AC?
o B

o non of them

3 points

8.1 Let P3 be the vector space of all polynomials of degree 3 or less. Let
S =A{p(t),p2(t), ps(t), pa(t)}, Q= span{pi(t), p2(t), p3(t), pa(t)},

where
pi(t) =143t +2t2 — 3, py(t) =t + 3,

p3(t) =t + 12— 17, pa(t) =3+ 8t + 8t°.

The coordinates of the polynomials {p;(t), p2(t), ps(t), p4(t)} in the standard basis
E ={1,t,t* 3} of P3 are: (choose the correct answer)



o non of them

3 points

9.1 Let P53 be the vector space of all polynomials of degree 3 or less. Let
S = {p1(t),p2(t),pg(t),p4(t)}, Q = span{pl(t),pg(t),pg(t),p4(t)},

where
pi(t) =143t +262 —*, po(t) =t +t°,

ps(t) =t + 12— 1% pa(t) =3+ 8t + 8t°.
The basis B of @) chosen from the set S is given by: (choose the correct answer)



pi(t), pa(t), ps(t)

pl(t)y p2(t)7 p3(t), p4(t)

P (t)v p3(t), p4(t)

p2(t), ps3(t), palt)

o non of them

3 points

10.1 Let P53 be the vector space of all polynomials of degree 3 or less. Let
S ={pi1(t), p2(t), p3(1), pa(t)}, @ = span{pi(t), p2(t), p3(t), pa(t) },

where
pi(t) =143t +202 =%, pot) =t + 17,

ps(t) =t + 12 =3, py(t) =3+ 8t + 8t°.
The polynomials in S has the following coordinates in the basis B of @Q: (choose

the correct answer). Remember that the basis B is chosen from the polynomial
belonging to the set S.

o

1 0 0 3
)]s = 10, [p2®)ls= [1|, [ps®W]s= 0|, [pa(O)lz=1]5
0 0 1 —6
0 0 0 0
pOls= |y @ls= || Pa@ls= 3], Paos= |
3 1 3 3



<2
iy
—~
~~
Pt
o
|
oo O 0o W

o non of them
4 points

11.1 Let 7: R?2 — R? be a linear transformation such that

o @ [

The standard matrix A of T, rank r of T, and d = dim(ker(T")) are given by: (choose
the correct answer)

o}

3 —4
A=116 =23, r=2, d=0
7 -9
@)
3 2
A—L 3}, r=2 d=1
@)
1 0
A= 1|2 5|, r=3, d=0
3 1
©)
3 —4
A=116 =23, r=3, d=0
7T =9

o non of them



10

4 points
12.1 Let
1 —-14 4 4
A=1-1 6 —=2| and ¥ =]-1
-2 24 -7 -7

Then A7 is equal to the vector: (choose the correct answer).
You can use the following information without proving it: the eigenvalues of A

are \y = —1, A\a = 0, A3 = 1, and the corresponding eigenspaces are
3 -2 —4
span -1 , span 1 , span 2
-5 4 7
@)
2
0
-3
@)
1 1410 410 4 4 — 1410 —7.410
1 60 2100 |1 =] 4-6"0—7.210
210 2410 710 -7 4 . 210 o 241(] _ 711
@)
40
—18
—69
@)
4
0
-7

o non of them
4 points

13.1 The quadratic form
Q = 2 — daz + by* + 42°

is: (choose the correct answer)
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@)

positive semidefinite

@)

positive definite

@)

negative semidefinite

O

negative definite

o non of them

3 points
14.1 Let

7 =

e S
|
I

—_ o o

—2
The value ¢ for which the vectors

?1207—{—7 and 72:7+07

are orthogonal is: (choose the correct answer)

o ¢ — 8£V39
5

O C =

o ¢ — 8E£VEI
5

oc=-1

o non of them

3 points

15.1 Let
31
a1y

The spectral decomposition of A is given by: (choose the correct answer)
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1 -1 11
a=e |t all )

A= 20TR, + 47T,

-1 -1 11
a=2 |l )

o non of them

3 points
L[
16.1. The distance from b = | 5 | € R3 to a subspace
9

W = {(21,25,23) €R®: 21 + 25 + 13 = 0}

is equal to: (choose the correct answer)

o

al-

o

|

=
<||
w

(e}
o —1
o non of them

4 points

17.1 A certain experiment produces the data

{<07 2)7 (_17 _1)7 (27 O>> (17 1)}
The least square curve y = 1z + (222 is given by: (choose the correct answer)
oy=2r— Lz’
oy=—2z+ 5z’

o y = 36z — 822
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o y = —36z + 822

o non of them

3 points

18.1 The following equation
202 — 6w1wy — 603 =7

defines: (choose the correct answer)

o a hyperbola

O

an ellipse

o a plane

(e)

a straight line

o non of them

3 points
19.1 Let
3 -5 1
1 1 1
?1 = 11| ?2 = 5 ) ?3 I )
3 -7 8

An orthogonal basis for V = span{?l, T, 73} is given by the following vectors:
(choose the correct answer)

O — — — — — —
3 1 -3
1 3 1
= = V= 3| Ty = 1
| 3 ] | —1] | 3 ]
O - -— - —_ - —
3 0 -7
1 —1 0
71: -1 72: 2 ) 73: -3
| 3 ] | 1] | 6 ]



14

o non of them

3 points

20.1. Let

1 -1
1 1
—11 72: 1 ) 75: 1
3 -1 1
—5 1
- L[l] - L[l]
) 2 \/% 5 ; 3 \/% )
-7 8
3 =5 1
1 1 1
A=11 5 -9
3 =7 8

The matrix R in the QR factorisation of A is given by: (choose the correct answer)

e}

1 10 =20 15

R=— 10 10 -5
V5lo 0 10

20 —40 30
R=10 20 -10
0 0 20
10 —20 15
R=v50 10 -5
0 0 10
9 —4 3
R=10 2 -1
0 0 2



o non of them

4 points

21.1. Let

A - {E)la 6>27 E>3} )

be two bases of a vector space V. Suppose that
- =

T1=4b1— by do=

Let also
T =30, +47d 5+

15

- = = —
— b1+ by— by, d3= bo— 20

s

Then the change-of-coordinates matrix P4_5 from the basis A to the basis B and

[@] are given by: (choose the correct answer)

4 -1 0
Pasp= (-1 1 11,
0 -1 -2
O p— —
4 -1 0
PA—)B: -1 1 -1 )
i 0 1 —2_
O — —
4 -1 0
Pasp=|—-1 1 1 )
i 0 -1 —2_
O
4 -1 0
PA*)B =|-1 1 -1 )
0 1 -2
o non of them
3 points
22.1. Let
— —
B:{b1:|:_21}7b1
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be a basis for R? and T': R? — R? is the linear transformation given by 7 — A7,

where
3 4
A [_1 _1}.

Then the B-matrix Mg for the linear transformation 1" with respect to the basis B
is given by: (choose the correct answer)

15
e 1
@)
5 25
e |5 7]
@)
1[17 9
M 5[—16 —7}

Ms = {—16 —7

o non of them

4 points

23.1. Suppose that {71, U5} are linearly independent in 5-dimensional vector
space V. Prove that

(U =V 1+ Vs, Ua=T1— Vst

are also linearly independent in V.
8 points

24.1. Let A be a (5 x 3) matrix. Suppose that there is a (3 x 5) matrix B such
that
BA =1I;.

_>
Suppose further that the system A7 = b has at least one solution. Prove that this
solution is actually a unique solution.
8 points
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25.1. Let
a b
A= { d] |
The sum of the diagonal entries in A is called the trace of the matrix A and it is
denoted by tr A = a + d.

Show that the characteristic polynomial of A can be written as
det(A — X) = A2 — (tr A)X + det A.

Hence give the condition for A to have real eigenvalues.
8 points

Professor Irina Markina

Good luck!



