English
UNIVERSITY OF BERGEN
The Faculty of Mathematics and Natural Sciences

Exam in MAT121 - Linear algebra
June 08, 2021, from 09.00 to 14.30

e Allowed help resources: all, except of communication between students
The exam consists of two parts:

The first set of exercises is of type “multiple choice”. You have to choose the
correct answer and mark it. Some of the questions can have several correct answers.
This part assumes that you give answers on the computer.

The second set of exercises requires from you an ability to make a proof of some
statement. If you have difficulty to write it on the computer, just write it by hand
on the additional ark and deliver.

Maximal points is 100.

1. NUMBER OF SOLUTIONS

1. For which values of k the system has a unique solution

$1+23§2+I€$3+3$4:]€
1+ 229 + K225 + 324 =0

e non of them
ok=1
ok#0
ok+#1
ok=0



2. For which values of £ the system has infinitely many solutions

$1+2$2+k$3+3$4=k
$1+21’2+k2$3+3$4:0

ok=1
ok#0
ok#1

o non of them

3. For which values of k the system has no solutions

$1+2$2+k1}3+31’4:]€
l’1+2$2+k2$3+3$420

o k=1
o k=0
o k#0
ok#1

o non of them
Solution
1 2 k 3 |k 12 k 3 |k
1 2 kK 3 |0 0 k(k—1) 0 |—k
k = 0 infinitely many
k =1 no solutions
never unique solution



4. For which values of k£ the system has no solutions

$1+2I2:l€—2

—x1 — 229 = —1
1+ kg =0

o k=2

ok=3

ok #2

ok#3

o non of them

5. For which values of k£ the system has a unique solution

LL’1+2]§2:]€—2

—T1 — 229 = —1
1+ kry =0

o k=3

ok=2

ok#2

ok#3

o non of them

6. For which values of k the system has infinitely many solutions
T+ 2"132 =k—-2
—x1 — 229 = —1
T+ k’.’EQ =0

e non of them



o k=2
ok#2
ok+#3
ok=3
Solution

1

-1

1

k = 3 unique solution
k = 2 no solutions
never infinitely many

=
Ik —3
22—k



2. DETERMINANT

1. Let A, B,C be (3 x 3) matrices, such that
det(A) =2, det(B)=m, det(C)=1.

What is the value of
det(3ABTA™IC)
o 27T

o 37
o —127
o 27nT
o non of them
2. Let A, B, C be (3 x 3) matrices, such that
det(A) =2, det(B)=m, det(C)=1.

What is the value of
det(3ATB~1ATIC)

27
T

o 9rr

o

3 leo

o 27r

o non of them
3. Let A, B, C be (3 x 3) matrices, such that

det(A) =2, det(B)=m, det(C)=1.

What is the value of
det(A*BTA713C)
e H4m

o bm



o 18w
o 27w
o non of them
4. Let A, B,C be (3 x 3) matrices, such that
det(A) =2, det(B)=m, det(C)=1.

What is the value of
det(3ATBTATIO)

e non of them
o 3m

o 97

o 2777

o =37
5. Let A, B,C be (3 x 3) matrices, such that
det(A) =2, det(B)=m, det(C)=1.

What is the value of
det(4(AB)TA*C)
e 04w

o —167
o 4w
o 127

o non of them
6. Let A, B,C be (3 x 3) matrices, such that

det(A) =2, det(B)=m, det(C)=1.

What is the value of
det(4(AB) 1 AC)

64
s

(@]
=Y



64

T

o —

o non of them



3. EIGENVECTORS

1. Let us assume that the matrix

2 0 =2
A=1|-1 2 1
-1 0 3

has the eigenvalues \; = 4 and Ay = 2. Then the eigenvectors of the matrix A are
equal to:

—1 0 2
L, (1, |1
1 0 1
(e}
1 1 2
1, |1}, 1
1 0 -1
(e}
—1 0 [ 2
L, |[-1], |-1
1 1 1
(@]
-1 0] 1
L, |1, |1
—1 1 1

o non of them

Solution Eigenvalue is 1
2. Let us assume that the matrix

3 00
A=1-2 3 2
-2 00

has the eigenvalues \; = 3 and A\, = 0. Then the eigenvectors of the matrix A are
equal to:



0 0 1
—20, |-1|, |-1
-3 0 1
(@]
1 0
21, |1
3 1

o non of them

Solution Eigenvalues are 3 and 0
3. Let us assume that the matrix

5 2 —1
A= 1|2 5 -3
2 2 1
has the eigenvalues \; = 3 and Ay = 5. Then the eigenvectors of the matrix A are
equal to:
[ ]
3 -1
11, 1
2 0
@)
1 -1 0
2 1 1



10

3 0 0
1, |[-1], |o
2 0 0
@)
1 0
21, |1
3 1

o non of them

Solution Eigenvalues are 3 and 5.
4. Let us assume that the matrix

> 4 —4
A=14 5 —4
4 4 -3

has the eigenvalues \y = 5 and Ay = 1. Then the eigenvectors of the matrix A are
equal to:

1 1 —1
1, lo|, |1
1 1 0
@)
—1 —1 0
—1, |t|, |t
~1 0 0
@)
1 0 ~1
R S T
1 0 ~1
o
1 ~1
1, |1
1 0

o non of them
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Solution Eigenvalues are 1 and 5.

5. Let us assume that the matrix
2 =2 2
A=10 2 0
0 -2 4
has the eigenvalues Ay = 4 and Ay = 2. Then the eigenvectors of the matrix A are
equal to:

e non of them

—1 —1 0
of, (1|, |
~1 0 0
@)
1 0 ~1
of, [-1], |0
1 0 1
@)
1 —1
1, |1
1 0
@)
1 1 0
1|, o], |1
1 1 0

Solution Eigenvalues are 2 and 4.
6. Let us assume that the matrix

has an eigenvalues \; = 3 and Ay = 1. Then the eigenvectors of the matrix A are
equal to:



12

o non of them

Solution FEigenvalues are 3 and 1.
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4. EIGENVALUES

1. Suppose the following information is known about a (3 x 3) matrix A:

Y T Y I S Y B Y
£ R Y N A R ) A Y

Then the matrix A has the following eigenvalues and eigenvectors: (choose the
correct answer)

1 1 1
M=5TT1= (2], N=2T,=|-1|, X=0,U3=1]0
1 1 —1
(@)
1 1 1
M=05T1= 1|2, M=2T,=|-1|, M=2TTs=|-1
1 1 1
@)
1 1
)\1:5,71: 2 5 )\2:2,72: -1
1 1
o
1 1
M=5T1= |2, M=27y=|-1| and (A, ¥'3) is impossible to find
1 1

o non of them

2. Suppose the following information is known about a (3 x 3) matrix A:

1 1 1 1 2 1
Al1]|=3|1|, Al|l-1]=2]|-1|, A|-1|=3]1
~1 ~1 1 1 0 ~1
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Then the matrix A has the following eigenvalues and eigenvectors: (choose the
correct answer)

[
1 1 1
M=3TT1=|11], XN=2Ts=[-1]|, X\=003=]-2
—1 1 1
@)
1 1 1
)\1:3771: 1 y )\2:2772: -1 ) A3_37 3 = 1
—1 1 -1
@)
1 1
M=3Ti=|1], n=271,=|-1
-1 1
@)
1 1
M=3TT:=|11], XN=271,=|-1| and (A3, 73) is impossible to find
—1 1

o non of them

3. Suppose the following information is known about a (3 x 3) matrix A:

1 1 1 2 1
Al1]=3|1], Al-1|=7, 4|-1|=3]1
~1 ~1 1 0 ~1

Then the matrix A has the following eigenvalues and eigenvectors: (choose the
correct answer)
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@)
1 0 1
M=3Ti=|1], X=0,7T= 0|, X\=003=|-2
-1 0 1
(@]
1 1
M=3TTi=|1], MN=0Uy=|-2
—1 1
@)
1
M=3T:=|1 and (g, 72) is impossible to find
—1

o non of them

4. Suppose the following information is known about a (3 x 3) matrix A:

N R E
S T I A R A I O £

Then the matrix A has the following eigenvalues and eigenvectors: (choose the
correct answer)

e non of them

1 1 2
M=3Ti=|1], MN=27=|-1]|, XN=3V;=|-1
~1 1 0
(@]
1 1
M=3TT1=|1], MN=2"71,=|-1
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@)
1 1
M=3,T1=|1|, A=277,=|-1| and (A, U3) is impossible to find
-1 1
O
1 1 2
M=3Ti=|1|, M=2T,=|-1|, M=015=|-1
—1 1 0

5. Suppose the following information is known about a (3 x 3) matrix A:

1 1 1 1 2 1 1
Al1]| =311, Al-1|=2|-1], A|-1|=3]1]|-2]-1
1 1 1 1 0 1 1

Then the matrix A has the following ecigenvalues and eigenvectors: (choose the
correct answer)

1 1 2
)\1:3,?1: 1 N )\2:2,?2: —1 5 /\320773: —3
-1 1 2
o
1 1 0
)\1:3,71: 1 y )\2:2,722 -1 5 )\320,732 -1
-1 1 0
o
1 1
)\1:3,71: 1 y )\2:2,72: —1
-1 1
o
1 1
M=3TT1=|1], MN=2"71,=|-1|, and (A3, 73) is impossible to find

-1 1
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o non of them

6. Suppose the following information is known about a (3 x 3) matrix A:

1 1 1 0 2 1
Al1| =511, Al-1]=1lo], A|-1|=5]1
—1 —1 1 0 0 ~1

Then the matrix A has the following eigenvalues and eigenvectors: (choose the
correct answer)

[ J
1 1 1
M=5TT1=|11], XN=0,VTy=[-1]|, M=07T;3=]-2
—1 1 1
(e}
1 0 1
M=5"T1=|1], X=0,Ts= 0], A\=5T3=|-2
—1 0 1
(@]
1 0
M=5T1=|11], X=1,7,=10
—1 0
(@]
1 0 1
)\125,71: 1 y )\2:1,72— 0 y )\320,73: -2
—1 0 1

o non of them
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5. DETERMINANT
1. The determinant of the matrix

3 Cos(418) cos(418) 5 cos(fs)

A= 1 0 2
7log 108 log 108 8log108

is equal to: (choose the correct answer)

e 5cos(;5) log 108

o —5cos({z)log 108

3
o 5((:08(418) log 108)

3
o —b ( cos(15) log 108>
o non of them

2. The determinant of the matrix

3 cos(418) cos(%) 5 cos(4—7é)

A= —2 0 —4
7log 108 log 108 8log108

is equal to: (choose the correct answer)

e —10cos(;3) log 108

@)

10 cos({3) log 108

)log 108) ’

o

10<COS(

o
48

O

—10(cos( ) log 108)3

i
48

non of them

O



3. The determinant of the matrix

1
A:

48

19

0 2
3cos(L) cos(Z) Heos(%)

48 48

7log 108 log 108 8log108

is equal to: (choose the correct answer)

e —5cos({z)log 108

1
o 5cos(7%) log 108

48

o 5<Cos(418) log 108>3

o —5 ( cos(72) log 108>3

48

non of them

@)

4. The determinant of the matrix
3cos(75)
cos( 5

o
7 cos(5)

A:

is equal to: (choose the correct answer)
e 5cos(z5) log 108

o —5cos(g)log 108

3
o 5((:05(%) log 108>

3
o —5<cos( )10g108>

s

48
o non of them

5. The determinant of the matrix

3cos(3)

cos( 13
7 cos(3)

is equal to: (choose the correct answer)

A:

e 15cos(7z)log 108

i
48

1 5log108
0 2log108
1 8log108

3 5log108
0 2log108
3 8log 108
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o —15cos(z5) log 108

o 15(008(1) log 108)3

48

3
o —15 ( cos(15) log 108)
o non of them

6. The determinant of the matrix
3cos(£z) 5Hlogl08 2

18
A= | cos(f5) 2logl08 0
Tcos(75) 8logl08 2

is equal to: (choose the correct answer)

e non of them

(e}

10 cos({g) log 108

@)

3
—10<COS(%) log 108)

O

3
10 ( cos(13) log 108)

@)

—5 cos(15) log 108
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6. ORTHONORMALITY

1. Which of the following systems of vectors is orthonormal: (choose the correct
answer )

. )
A HER
L
E’ 9 | \/ﬁ\;\/iJ
0] LA 3
- L
7 0 —V2
S P v B
NG (1) 22 \/5
0] LA =3
_1_ — —_
V3 ? —V2
o |9 a3
E’ (1) ) \/ﬁ \/5
0] LA 3
[\/2 0 0
S0 V2 0
V2| 0]’ |0
|0 V2 0

o non of them

2. Which of the following systems of vectors is orthonormal: (choose the correct
answer)

o8- o8k
&
no

EFOEFO

—V2
3
V2
3
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_ﬂ_QO ﬁ_QO_
L 1

o

o non of them

3. Which of the following systems of vectors is orthonormal: (choose the correct

answer)

e non of them

B on See I
X o o ﬂ ™ _ |
_ e o
E— & cocoo 1_ﬁ
IR B =
. - - _|7_
I 1 T 1 N N o l_ﬂo 1_ﬂ
_0 1_f0 1_f_ _0 l_fo 1_f_ e —
! [\l - N _ : a\l - N ' ﬁ? N N - N
_1_fﬂU 1_f0_ ._IA_fnU l_fo_ L - f 0_ ._IA_fnU l_fo_
o o o o
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4. Which of the following systems of vectors is orthonormal: (choose the correct
answer)

1 0 1
oL |0 ! 1|1
1] Y& lol z|-=1
0 1 ~1
1 0 0
0 1 0
°3 11 zlol o
0 1 0
1 0 1
|0 i Lo
Z 1l B lol ¥ o
0 1 1
5 0 0
S0 V2 0
Va2l ol o
0 V2 0

o non of them

5. Which of the following systems of vectors is orthonormal: (choose the correct
answer)

1 0 p
R L S T P N T
Vi 121 VB[O’ V1o |—1
0 1 )
1 0 0
Lo 12 0
°3 (207 30|’ o
0 1 0
9 0 1
o |0 12 |0
A1l 3ol o
0 1 1
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o non of them

6. Which of the following systems of vectors is orthonormal: (choose the correct

answer)

2 0 —2
I L R T 2 B
2v2 2|0 2vz |0l 1|2
0 2 | 2
2 0 1]
1|0 1|2 1] 1L
°C1lol 1ol 1|1
A -]
2 0 1
ot |0 =2l |0
2v2 1217 2v2 (0]’ V2|0
0 2 1
2 0 0
1|0 L[ V2 0
2 0v2l ffo] o
0 V2 0

non of them

@)



7. POLYNOMIALS
1. Find all the values of £ for which the following system of polynomials
pi(t) =1, pa(t) =2t + 41> + 4,
pa(t) =202 + 9t +k, pa(t) =+ 82 + k> +7
is linearly independent: (choose the correct answer)

o k#1, k+#-1
ok #2,

ok=1 k=-1
ok=0

o non of them

2. Find all the values of k for which the following system of polynomials
pu(t) =13, po(t) = 263 + 4% 4 4,
pa(t) =200 + 9L+ k, pa(t) = + 82 + K>+ 7
is linearly dependent: (choose the correct answer)

ok=1 k=-1
o k=2,
ok#1, k#-1
ok#0
o non of them
SOLUTION Determinant of the coefficient matrix is equal to 36(k* — 1)

3. Find all the values of k for which the following system of polynomials
pi(t) = 263 + 313 po(t) = 5t + (k — 3)t,
ps(t) =5t + (k= 3)t+9, pa(t) = 4> + 6> 4 (k> — 4)t
is linearly independent: (choose the correct answer)

25
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o k#£2, k# -2
o k#2,
ok=2 k=-2
o k=3

o non of them

4. Find all the values of k for which the following system of polynomials
pi(t) =262 + 32, po(t) = 562 + (k — 3)t,

p3(t) =512+ (k= 3)t 49, pu(t) =42 + 61> + (k* — 4)t
is linearly dependent: (choose the correct answer)

o k=2 k=-2
ok #0,
ok#2, k#-2
ok=3
o non of them
SOLUTION Determinant of the coefficient matrix is equal to 90(4 — k?).

5. Find all the values of k for which the following system of polynomials
pi(t) = (K2 = 9)t%,  po(t) = 4> + 8t + k — 1,
p3(t) = 82 + 15t + 15, py(t) = 2t* + 4t + k

is linearly independent: (choose the correct answer)

e non of them
ok #3,

ok=3 k=-3



6. Find all the values of k for which the following system of polynomials
pi(t) = (K= 9%, po(t) =4t* + 8t + k — 1,
ps(t) = 8% + 15t + 15, pa(t) = 2> + 4t + k
is linearly dependent: (choose the correct answer)

e non of them

o k=23,
ok+#3, k+# -3
ok=0

ok=3, k=-3

SOLUTION Determinant of the coefficient matrix is equal to —2(k* — 9)(k + 1).

27
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8. CHANGE OF BASIS

1. Let N

_)
A:{E)bﬁZ}? B:{b17b2}
be two bases of a vector space V. Suppose that
— — — —
A1=2b143bs,  @1=5b1+Tbs.

Let also
- =
Z=10,— b,
Then the change-of-coordinates matrix P4,z from the basis A to the basis B and
(7] 4 are given by: (choose the correct answer)

ren=i . -
O O
O rew=[3 . [
° pew=2 Y. -]

o non of them

2. Let N

%
./4:{71,72}, B:{bl,bg}
be two bases of a vector space V. Suppose that
— — — —
71:2b1+3b2, 71:51914-71)2

Let also
e
T=0b1— by
Then the change-of-coordinates matrix P4,z from the basis A to the basis B and
(2] 4 are given by: (choose the correct answer)

e non of them
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pa- Y. =[]

2 5 -3
PA—)B - 3 70 [7]./4 - —4
O - - - -
2 3 —1
P.A*)B = 5 717 [?]A = -9
@)
2 3 —10
P.A—)B - |:5 7:| 5 [?}A - |: 7 :|

3. Let
- =
A={d,dy}, B={by, by}

be two bases of a vector space V. Suppose that
— — — s
d1=2b1+3bs,  d1=5b1+Tbs.

Let also

- =

7 - b 1 — b 2.

Then the change-of-coordinates matrix Pg_, 4 from the basis B to the basis A and
[2'] 4 are given by: (choose the correct answer)

e non of them

o

Ppoa= [g ﬂ ) Ere {125}

2 5 -3

PB%.A = 3 70 [?]A = —4

O - - -
2 3 —1

PB—>A = 5 7|° [?]A = -9
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4. Let N

%
A:{E)bﬁQ}? B:{bbe}
be two bases of a vector space V. Suppose that
— — — —
A1=2b1+43bs,  d1=5b1+7ho,.

Let also

- =

T =b,— b,

Then the change-of-coordinates matrix Pg_, 4 from the basis B to the basis A and
(@] .4 are given by: (choose the correct answer)

S L N

7 =5 12
PB—>.A - |:_3 ) :| s [Y]A = |:_5:|

o - - - -
2 5 -3
PB—)A = 3 70 [?]A = —4

O - - - -
2 3 —1
PB—).A - 5 71 [7].»4 = -9

o non of them

5. Let
A - {717 ?2}7 B = {?17?2}

be two bases of a vector space V. Suppose that
— — — —
71:2()1—'—3172, 71:5b1+7b2

Let also

T ="7d1—ds.
Then the change-of-coordinates matrix Ps_, 4 from the basis B to the basis A and
(2] are given by: (choose the correct answer)

Ppsa =~ [_73 _25] ’ (s = {:ﬂ



2 5] -3
Ppoa = 3 7| (75 = 4
o _ -
2 3 —1
PB—>.A — 5 7 9 [7]8 - _2

o non of them

6. Let
- =
A:{E)l???}? B:{b1> b2}
be two bases of a vector space V. Suppose that
— —

— —
@1=2b,4+3b,, A1 =5b,4+Tho.

Let also

T =11 o

31

Then the change-of-coordinates matrix Ps_, 4 from the basis B to the basis A and

(7] are given by: (choose the correct answer)

e non of them

e}

2 5 -3
PB%A = 3 70 [?]B — -4
O -
2 3 —1
PB%.A = 5 7l [?]B — =2
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9. GEOMETRIC TRANSFORMATIONS

1. The eigenvalues and eigenvectors of the linear transformation 7: R? — R? that
is called reflection through the x;-axis are given by: (choose the correct answer)

[
_1_ 0_
)\1 - 17 71 - _0- ) )\2 - _17 72 - |i1_
O - = -
1 0
)\1 == 1; ?1 = _O_ y )\2 = 1, 72 = |:_1_
@)
>\1 - 1) 71 - |:1:| ’ )\2 - _17 72 - |:_1:|
1 -1
(@)

o non of them

SOLUTION The matrix of the transformation is
1 0
0 —1

2. The eigenvalues and eigenvectors of the linear transformation 7': R? — R? that
is called reflection through the z,-axis are given by: (choose the correct answer)

A= 1, 71=H, N =1, 72:m
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o non of them

SOLUTION The matrix of the transformation is
-1 0
0 1

3. The cigenvalues and cigenvectors of the linear transformation 7: R? — R?
that is called reflection through the line zo = 2 are given by: (choose the correct
answer)

[ J
A =1, 71_[1}, Ay = —1, 722{1]
1 —1
o
N
0 —1
(e)
0 1
)\1:17 71:|:117 )\2:_17 72:|:0:|
(e)

o non of them
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SOLUTION The matrix of the transformation is
01
10

4. The eigenvalues and eigenvectors of the linear transformation 7: R? — R?

that is called reflection through the line 5 = —z are given by: (choose the correct
answer)
. - -
)\1 = ]-a 71 = ! ) )\2 = _17 72 = !
—1] 1
@)
)\l__17 71:|:17 /\2:17 72_|:0
0] —1]
@)
)\1:17 71_[017 )\2:_17 72_|i_1:|
-1 0
@)

o non of them

SOLUTION The matrix of the transformation is
0 -1
-1 0

5. The eigenvalues and eigenvectors of the linear transformation 7': R? — R? that
is called reflection through the origin are given by: (choose the correct answer)
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1 0
M=1 U, = M =1 TTy= M
—1 0
A =1, 71_{0}, Ay = —1, 72_[_1}

o non of them

SOLUTION The matrix of the transformation is
-1 0
0 -1

6. The eigenvalues and eigenvectors of the linear transformation 7: R? — R?
that is called reflection through the line o = —z; are given by: (choose the correct
answer )

e non of them

o
1 0
)\1 - _17 71 = [0j| ) AQ = 17 72 = |:_1:|
@)
0 -1
)\1:17 71: |:_1:| ) >\2:_17 72_ |i0:|
@)
1 -1
)\1 — _17 ?1 - [1j| y )\2 = 17 72 = |:_1:|
@)
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SOLUTION The matrix of the transformation is

'
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10. ROTATION

1. The image of the vector [;] under the rotation on % in the counterclockwise
direction is given by: (choose the correct answer)

v
Vi
V242

|

2. The image of the vector B} under the rotation on 7 in the counterclockwise

direction is given by: (choose the correct answer)

Solution The rotation matrix is given by

[ﬁ
2

1
2

|
“fSe1-

-2
+2

et
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@)
a1
£
O "—
1-V3
[ f 4+ 1]
O - -
Vi1
1+ 4]

@)

V2 + L2

Solution The rotation matrix is given by
[ﬁ _ﬁ]
2 2
V2 V2
2 2

3. The image of the vector E] under the rotation on

direction is given by: (choose the correct answer)

L]
-]
V3
B +1]
e}
o
2
5+ V3]
©)
V2
2 _\/5
242
@)

™

3

in the counterclockwise



b
Vi
V2 + 2

Solution The rotation matrix is given by

1 V3

2 2

V3 1
2

2

1
direction is given by: (choose the correct answer)

4. The image of the vector {21 under the rotation on

1
direction is given by: (choose the correct answer)

5. The image of the vector [2} under the rotation on

™

6

™

4

39

in the counterclockwise

in the counterclockwise
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[ ]
2
viog
V242
©)
o
3+ V3
O —
3 V3
N
B 41]
©)
s
2
V3 + 3]
e}

.
22
242

Solution The rotation matrix is given by

G\
MR

2 2

. 2 : : :
6. The image of the vector [1] under the rotation on % in the counterclockwise

direction is given by: (choose the correct answer)

[ ]
A
V3 +3
O -
B
ERAE]
e}




V2
Vig
V24 22

V3
2

m|ﬂw|)—-
@
N[

Solution The rotation matrix is given by

41



42

11. COORDINATES IN THE BASIS

1 2
3 4
in the basis

10 01 0 0
fofd ef Rl

are given by: (choose the correct answer)

1. The coordinates of the matrix

=~ = N W

W N R

oW s

00
01

|



2. The coordinates of the matrix

1 2
3 4
in the basis

01 10
€>1:|:0 0:|7 ?2:{0 O:|7 €>3:|:

are given by: (choose the correct answer)

1
2
3
4
o
3
2
1
4
o
1
4
2
3
o

oW s N

0 0
10

| |

0 0
01

|

43
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3. The coordinates of the matrix

1 2
3 4
in the basis

o ool = o1l - 1o = [oo
R e P B

are given by: (choose the correct answer)

[
3
2
1
4
o
2
]
3
4]
@)
1
2
3
4
@)
1
4
2
3
@)

oW N



4. The coordinates of the matrix

1 2
3 4
in the basis

L 1ol o ool o [o11 - Joo
O R e B I R 1

are given by: (choose the correct answer)

W N

=W =N

=W N =

== DN W
I — I —— e —— S — I — |

oW s N
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5. The coordinates of the matrix

1 2
3 4
in the basis

L o1l o ool o ool - [to
O e e P e P

are given by: (choose the correct answer)

— W DN

=W =N

U NS

=~ = D W
I —— e — e —— e — | I |

= W N



6. The coordinates of the matrix

1 2
3 4
in the basis

L fool - fool - 1o = o1
o I R R Rt ()
are given by: (choose the correct answer)

0
4
1
2
©)
o
1
3
4
o - =
3
2
1
4
o
8
4
2
3
o

— W o= N
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12. DIAGONALIZATION

1. Consider the matrix

2 00
. { 3 }
Let
1 1 0
P=10 1 1
1 -1 0

be the matrix that consists of eigenvectors of the matrix A. Then the diagonalisation
of A is given by: (choose the correct answer)

]
[\
o

]
[\
]

—
S
e}

e}
—_
I

]
w
]

]
w
o



1
Solution P! = % 1
—1

2. Comnsider the matrix

Let

1
_1’
1
2
A= |1
0
1
P=10
1

e}

e}

o = O

1
1

=

\)

N |

0
1

-1 0

be the matrix that consists of eigenvectors of the matrix A. Then the diagonalisation
of A is given by: (choose the correct answer)

[N}

—_

w o

w

o O

o O

o O

o O

)

49



50

3. Consider the matrix

[1 00}
A=|-1 2 1.
[o 01J
Let
1 1 0
P=10 1 1
1 -1 0

be the matrix that consists of eigenvectors of the matrix A. Then the diagonalisation
of A is given by: (choose the correct answer)

SO =
o= O
N OO

O O N
o N O
w o o

]
[\
o

o W
w o
o O

O =
w o
o O

4. Counsider the matrix

Owl= W

o N O

w | =
N |
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Let
[1 1 0]
P=10 1 1

- [1 ~1 OJ

be the matrix that consists of eigenvectors of the matrix A. Then the diagonalisation
of A is given by: (choose the correct answer)

@)
w
o

@]
w
(]

5. Consider the matrix
2 0 -1
A=11 1 -1
-1 0 2

1 1 0
P=10 1 1
1 -1 0
be the matrix that consists of eigenvectors of the matrix A. Then the diagonalisation
of A is given by: (choose the correct answer)
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o
w
[a)

o
w
o

6. Consider the matrix

NN

I
— O N
o~ o
N O

Let
1 1 0

P=10 1 1
1 -1 0
be the matrix that consists of eigenvectors of the matrix A. Then the diagonalisation
of A is given by: (choose the correct answer)

o O Ww
O = O
— o O
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‘o m
oo

_200_

‘o o~
oc o

_200_

‘oo~
omo

_300_

‘oo
ocomo

_100_
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13. QUADRATIC FORMS

1. The quadratic form
Q = —22% + 202 — 4y* — 227
is: (choose the correct answer)
e negative definite
o positive definite
o negative semidefinite
o positive semidefinite
o indefinite

Eigenvalues —4, -3, —1

2. The quadratic form
Q = 227 — 2uz + 4y* + 222
is: (choose the correct answer)
e positive definite
o negative definite
o negative semidefinite
o positive semidefinite

o indefinite

Eigenvalues 4, 3, 1

3. The quadratic form
Q= —2° + 4z — 5y? — 422
is: (choose the correct answer)
e negative semidefinite

o positive definite

o negative definite



o positive semidefinite
o indefinite

Eigenvalues —5, —5,0

4. The quadratic form
Q = 2* —duz + 3y + 22
is: (choose the correct answer)
e indefinite
o positive definite
o negative semidefinite
o positive semidefinite
o negative definite

Eigenvalues 3,3, —1

5. The quadratic form
Q = 2% — 4oz + 6y* + 2
is: (choose the correct answer)
e indefinite
o positive definite
o negative semidefinite
o positive semidefinite
o negative definite

Eigenvalues 6,3, —1

6. The quadratic form
Q = 2% — daz + 6y* + 42°

is: (choose the correct answer)

e positive semidefinite

55
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o positive definite
o negative semidefinite
o negative definite

o indefinite
Eigenvalues 6, 5,0



14. LEAST SQUARE PROBLEM

1. A certain experiment produces the data

{(O’ 2)? (_17 _1)7 (_27 0)7 (1’ 1)} :

The least square curve y = 1 + Bo2? is given by: (choose the correct answer)

9 4 .2
® Yy =T+ 77

oy=—>x+ 2’
o y = 36z — 1622
oy = —36x + 1622

o non of them
Solution

XTX=[6 ‘8], (XTX>1XTy:[%]
-8 18 3

2. A certain experiment produces the data

{(O’ 2)? (1’ _1)’ (_Qa 0)7 (_1’ 1)}

The least square curve y = 1o + Bo2? is given by: (choose the correct answer)

9. 4.2
*y ut - 4t

_ 9. 4.2
CY=uar -4l

oy = 36x — 1622
oy = —36x + 1622

o non of them

Solution »
XTX = {_68 ]88} (XTX)1XTy = H

3. A certain experiment produces the data

{(O, 2)7 (17 _1)7 (27 0)7 (_17 1)}

The least square curve y = 1o + Boa? is given by: (choose the correct answer)

9 4
oy:—ﬁx—i——l‘z

57
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oy = —36x + 1622
o y = 36z + 1622

o non of them

Solution

XTX = [6 8} C(XTX) KTy = [Tﬂ
8 18 s

4. A certain experiment produces the data

{(07 2)7 (_17 _1)7 <_27 O>> (17 1)} .

The least straight line y = By + 12 is given by: (choose the correct answer)

y= it
oy=—t-to
oy=16+12x

oy=—16—-12z

o non of them
Solution
T 4 -2 Ty \—1vT 2
5
5. A certain experiment produces the data

{<O’ 2)7 (_17 _1>’ (27())7 (17 1)}

The least straight line y = Sy + 12 is given by: (choose the correct answer)

Oy:—%—l-%x
oy=8+4x
oy=—-8—A4zx

non of them

O
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Solution

4 2 _ 2
waaft -]

6. A certain experiment produces the data

{(0’ 2>> (17 _1)7 (27())7 (1’ 1)}

The least straight line y = By + f1 is given by: (choose the correct answer)

3

o y=5—-2x
oy=12—-8z
Oy:%—l—x

oy=-—-12+4+8x

o non of them

Solution ,
44 - 3
XTX = { 1 6} , (XTX)T'XTy = {_211
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15. ORTHOGONAL PROJECTION

1 —1 —1
U= 1|, Wa=|1], Y=14
0 0 3

The orthogonal projection of ¥ on H = spn{ﬁl,ﬁg} is given by: (choose the
correct answer)

N —

o non of them
Solution In this problem and all others the vectors are orthogonal and has length
V2. If we denote by U the matrix that has columns 71 and 72, then the ma-
trix %U UT is the projection matrix, see the pensum book, page 353, Theorem 10.

Therefore
1 -1
5UUT7 = |4

2. Let
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The orthogonal projection of i/ on H = spn{y, us} is given by: (choose the
correct answer)

e non of them

o

1
1
-3 4
0
(@]
1
1
5 4
0
Solution
. 1
~UUTY = |4
2 0
3. Let
1 -1 -1
Wi= 10|, W.=|0]|, y=]|4
1 1 3

The orthogonal projection of i/ on H = spn{, W} is given by: (choose the
correct answer)

e non of them

o
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-1
0
-3
(@]
1 _01
214
(@]
-1
1
5 0
3
Solution
) -1
“UUTY =10
2 3
4. Let
1 1 1
U= 10|, Wa=|0]|, ¥=14
1 -1 3

The orthogonal projection of ¥/ on H = spn{?l,ﬁg} is given by: (choose the
correct answer)

e non of them



1 _01
2| 3
O —
1
1
5 0
3
Solution
1
—UU"Y =
2
5. Let
-1 1
Ui=|01], Wa=10
-1 -1

63

The orthogonal projection of i on H = spn{ w1, U»} is given by: (choose the

correct answer)

o non of them
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Solution

6. Let
~1 ~1 1
Ui=|0|, Wa=|0]|, ¥=14
—1 1 —3

The orthogonal projection of i on H = spn{ i, W»} is given by: (choose the
correct answer)

e non of them

o

(NN

DO |

Solution



16. RANK THEOREM
. . - =
1. Let the parameter solution of an equation AZ = b, b € R3, is given by

3 -1
0 4
? = + -1 T3 + 3 Ts.
9 0
1 0

U= DN N~

Then the following is true: (choose the correct answer)

([ ]

A is (3x5)—matrix, rank(A) =3, dim(Row(A4)) =3
@)

A is (5 x3)—matrix, rank(A)=3, dim(Row(A)) =3
o

A is (3 x5)—matrix, rank(A)=2, dim(Row(A4)) =3
o

A is (5% 3) — matrix, rank(A)=2, dim (Row(A4)) =2

o non of them

65

_>
SOLUTION. b € R3, therefore the matrix A has 3 rows. The solution vector
7 € R®, therefore the matrix A has 5 columns. There are 2 parameters, therefore

dim(Null(A)) = 2. By rank theorem we also have
rank(A) = dim (Row(A)) =5—2 = 3.
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— =
2. Let the parameter solution of an equation AZ =1b, b € R%, is given by
HE
5 0 0

4 9 0
) 1 4

Then the following is true: (choose the correct answer)

e non of them

o

A is (5 x4) —matrix, rank(A)=3, dim(Row(A)) =3
@)

A is (3 x5)—matrix, rank(A)=3, dim(Row(A)) =3
(¢]

A is (5% 3) — matrix, rank(A)=2, dim(Row(A4)) =3
(¢]

A is (4 x5) — matrix, rank(A) =3, dim (Row(A4)) =2

_)
SOLUTION. b € R*, therefore the matrix A has 4 rows. The solution vector
7 € R, therefore the matrix A has 5 columns. There are 3 parameters, therefore
dim(Null(A)) = 3. By rank theorem we also have

rank(A) = dim (Row(A)) =5—3 = 2.
- — . .
3. Let the parameter solution of an equation AZ = b, b € R3, is given by

7

Ts.

m#ww»—x:
+
|
—_
S
w
+
o O o




Then the following is true: (choose the correct answer)

A is (3 x5)—matrix, dim(Null(A)) =2,

A is (5 x 3) —matrix, dim(Null(A)) = 2,

A is (3 x5) —matrix, dim(Null(A)) = 3,

A is (b x 3) —matrix, dim(Null(A)) = 3,

o non of them

%
SOLUTION. b € R3, therefore the matrix A has 3
7 € R?, therefore the matrix A has 5 columns. There
dim(Null(A)) = 2. By rank theorem we also have

67

dim (Row(A)) =3

dim (Row(A)) =3

dim (Row(A)) =3

dim (Row(A)) = 2

rows. The solution vector
are 2 parameters, therefore

rank(A) = dim (Row(A)) =5—2 = 3.

— =
4. Let the parameter solution of an equation AZ = b . b €R%, is given by

[1] [—2] [—1]
5 0 0
Z =8| a+ |-1| a3+ | 3
4 9 0
5 1 4

Then the following is true: (choose the correct answer)
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([ ]

A is (4 x5)— matrix, dim(Null(A)) =3, dim (Row(A)) =2
(¢]

A is (5x4)—matrix, dim(Null(A)) =2, dim (Row(4)) =1
o

A is (3x5)—matrix, dim(Null(A)) =3, dim (Col(4)) =2
o

A is (5 x 3) —matrix, dim(Null(A)) =2, dim (Col(4)) =3

o non of them

%
SOLUTION. b € R* therefore the matrix A has 4 rows. The solution vector
7 € R, therefore the matrix A has 5 columns. There are 3 parameters, therefore
dim(Null(A)) = 3. By rank theorem we also have

rank(A) = dim (Row(A)) =5 -3 = 2.

— =
5. Let the parameter solution of an equation A7 = b, b € R, is given by

[1] 3 —1

2 ) 4
=2+ =12+ | 5|24

1 9 6

1 1 7

Then the following is true: (choose the correct answer)

A is (1 x5)—matrix, rank(A)=3, dim (Null(4)) =2
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A is (5 x3)—matrix, rank(A)=3, dim(Row(A)) =3

A is (2x5)—matrix, rank(A)=3, dim (Null(4)) =2

A is (5 x 1) — matrix, rank(A)=3, dim (Null(A)) =2

o non of them

_>
SOLUTION. b € R! thercfore the matrix A has 1 row. The solution vector
7 € R, therefore the matrix A has 5 columns. There are 2 paramcters, therefore
dim(Null(A)) = 2. By rank theorem we also have

rank(A) = dim (Row(A4)) =5-2=1.

— =
6. Let the parameter solution of an equation AZ =0, b eR',is given by

1 3 -1
2 -2 4
7 = (2 r1 + —1 Tro + 5 Ty.
1 9 6
1 1 7

Then the following is true: (choose the correct answer)

A is (1 x5)—matrix, rank(A)=2, dim (Null(4))=3

A is (5 x 3) — matrix, rank(A)=3, dim(Row(A4)) =3
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A is (2 x5) — matrix, rank(A)=3, dim (Null(A)) =3

A is (5 x 1) — matrix, rank(A) =2, dim (Null(4)) =3

o non of them

%
SOLUTION. b € R!, therefore the matrix A has 1 row. The solution vector
7 € R®, therefore the matrix A has 5 columns. There are 3 parameters, there-
fore dim(Null(A)) = 3. By rank thecorem we also have

rank(A) = dim (Row(A)) =5-3=2.
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17. BASIS OF NULL SPACE
1. Let

—4 0
1 0
Ti=101], Ty=|1
0 -3
0 1
(@]
o 0]
1 0
Ti= 10|, Vo= |-1
0 3
0 1
@)
Fo n
0 0
Ti=1|1], Ta=|0
0 1
—1 3
@)
4 0
1 0
71 = 0 5 72 == -1
0 3
0 —1

o non of them
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2. Let

0 0 1 3
0 0 0 -5
2 40 0 0

A basis for Null(A) is given by: (choose the correct answer)

0
A= 1

-2 0
1 0
Ti=10]|, Uys=15
0 -3
0 1
@)
4 0
2 0
V= 10|, Ty=|-5
0 3
0 1
o
0 0
0 0
Ti= 0], Ty=|1
1 0
3 -5
(@)
0 3
V=0, Ty=|-5
4 0
o non of them
3. Let
0001 3
A=10 0 5 0 =5
2 40 0 0

A basis for Null(A) is given by: (choose the correct answer)
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-2 0
1 0
Ti= |0, W.=1]1
0 -3
0 1
o
[4 0
2 0
71 - 0 5 72 - —5
0 3
0 1
o - —_ —
0 0
0 0
71 - 0 5 72 — 5
1 0
3 -5
(e)
3
71 - 0 5 72 — —5
4 0
o non of them
4. Let
000 3 6
A=|0 0 5 0 =5
24 00 0

A basis for Null(A) is given by: (choose the correct answer)

|
)

co o
|
N\
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@)
N o
2 0
U= (0], U= |-1
0 -2
0 1
o R — —_ —
0 0
0 0
U= (0], V=[5
3 0
6 -5
@)
0 5
U= 10, Uy=|-5
4 0
o non of them
5. Let
1400 0
A=1|0 0 1 0 -1
0001 3

A basis for Null(A) is given by: (choose the correct answer)

|
oo

cocow
[
w

<l
—
I
O OO
<
N
I
|
)_l
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0 0
0 0
=11, V=10
0 1
-1 3
o
7 0
V= 1], Vy=|-1
0 3
o non of them
6. Let
140 0 0
A=10 0 1 0 -1
0001 3

—4 0
1 0
71: 0 ; 72— 2
0 —6
0 2
(e}
9 .
1 0
V= 0], Ty=|-1
0 3
0 1
o _ -
0 0
0 0
Ti=1|1], Va=|0
0 1
—1 3
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o non of them



T

18. KERNEL OF A MAP

1. Let T: R? — R? be an orthogonal projection onto the line #; = x5. Then the
kernel of the map T is given by: (choose the correct answer)

e the straight line: 1 = —x9

o

the straight line: xy = x5

@)

the vector _11}

@)

1

the vector 1}

non of them

@)

SOLUTION The matrix of the transformation is

%
V3 V3

The kernel is given by the span of the eigenvector, that is the straight line x; = —uxs.

2. Let T: R? — R? be an orthogonal projection onto the line #; = —z5. Then
the kernel of the map T is given by: (choose the correct answer)

e the straight line: 1 = x9

@)

the straight line: 1 = —x9

o

the vector _11}

O

1

the vector 1}

O

non of them
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SOLUTION The matrix of the transformation is
V2 =2
-2 V2

The kernel is given by the span of the eigenvector, that is the straight line x; = 5.

3. Let T: R? — R? be an orthogonal projection onto the line z; = 0. Then the
kernel of the map T is given by: (choose the correct answer)

e non of them

@)

the straight line: y =0

O

the vector [(ﬂ

o

the vector [ﬂ

o

the straight line: xy = x9

SOLUTION The matrix of the transformation is

o

The kernel is given by the span of the eigenvector, that is the straight line x5 = 0.

4. Let T: R® — R? be an orthogonal projection onto the plane 23 = 0. Then the
kernel of the map T is given by: (choose the correct answer)

e the straight line: 1 =0, 25 = 0, z3 is arbitrary

o the straight lines: z1 =1, xo = ¢, x3 and t are arbitrary
0
o the vector |0
1
0 0
o the vectors [0]| and 0
1 -1
o non of them
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SOLUTION The matrix of the transformation is

1 00
010
000

The kernel is given by the span of the eigenvector, that is the straight line x; =
0, o =0, x3 is arbitrary.

5. Let T: R® — R3 be an orthogonal projection onto the plane x5 = 0. Then the
kernel of the map T is given by: (choose the correct answer)

e the straight line: x1 =0, x3 =0, x5 is arbitrary

o the straight lines: zy =t, x3 =1t, x9 and ¢ arc arbitrary
0
o the vector |1
0
0 0
o the vectors |1| and [-—1
0 0
o non of them

SOLUTION The matrix of the transformation is

100
000
001

The kernel is given by the span of the eigenvector, that is the straight line z; =
0, x3 =0, x4 is arbitrary.

6. Let T: R? — R? be an orthogonal projection onto the plane z; = 0. Then the
kernel of the map 7" is given by: (choose the correct answer)

e the straight line: x5 =0, z3 =0, z; is arbitrary

o the straight lines: zo = ¢, x3 =1t, xy and t are arbitrary



80

1
o the vector |0
0
1 -1
o the vectors [0] and 0
0 0

o non of them

SOLUTION The matrix of the transformation is

000
010
0 01

The kernel is given by the span of the eigenvector, that is the straight line zo =
0, x3 =0, x is arbitrary.



19. SPECTRAL DECOMPOSITION

=15 3

Then the spectral decomposition is given by: (choose the correct answer)

1. Let

T[4 —2] 2[1 2
4=351 +5[2 4}

o non of them

Solution

1 [-2 1 [1
=T, 71_—[1}, Ay =2, 71_%{_2],

5
6 2
i

Then the spectral decomposition is given by: (choose the correct answer)

2. Let

81
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o non of them

Solution
1 ]2 1 |-1
)\1:77 71:_5|:1:|7 )\2_27 71:_5|:2:|7
3. Let
—6 2
-2
Then the spectral decomposition is given by: (choose the correct answer)
[ J
T4 =2 21 2
A=-3 [_2 1}—5{2 4}
o
4 2 1 2
A=l 72 ]
O
4 =2 1 2
A=l el ]
o
Ao T[4 2] 201 -2
A2 1T A2 4

o non of them
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Solution

M= T, ?1=i5[_ﬂ, o= -2, 71=%H,
A:E _36]

Then the spectral decomposition is given by: (choose the correct answer)

711 =3 319 3
=5 )l

o non of them

Solution

1 [-1 I |3
)\:—7, 7:— 5 )\:37 7:_|::|7
1 1 10{3} 2 1 710 1
-2 3
=150

Then the spectral decomposition is given by: (choose the correct answer)

A_113_39 -3
1013 9 10[1-3 1

5. Let
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o non of them

Solution

1 |1 I [-3
)\1_77 71_\/_1—0|:3:|7 )\2__37 71_T0[1]7

A= [_23 :g}

Then the spectral decomposition is given by: (choose the correct answer)

711 3 319 =3
4==%5ls o) s 1]

6. Let

1 =3 9 3
A==ty Fesls ]

o non of them



Solution

)\1 — —7,

85
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20. DIAGONALIZABILITY

1. Suppose that a matrix A is diagonalizable and has the characteristic polynomial
det(A — XI) = (A —3)2(A+2)(\ — 4)%

Let (m x n) be the size of the matrix A, d is the dimension of the eigen space
corresponding to the eigenvalue A = 4 and p = dim (Null (A)) Which of the
following numbers correspond to the matrix A? (choose the correct answer)

mxn=8x8, d=2, p=3

mxn=8x4, d=3, p=2

mxn=4x4, d=1, p=0

mxn=8x8 d=3, p=0

o non of them

2. Suppose that a matrix A is diagonalizable and has the characteristic polynomial
det(A — M) = A\ —3)2(A+2)2(N — 4)*.

Let (m x n) be the size of the matrix A, d is the dimension of the eigen space
corresponding to the eigenvalue A = 4 and p = dim (Null (A)) Which of the
following numbers correspond to the matrix A? (choose the correct answer)

mxn=7x7 d=2  p=1

mxn=7x4, d=3, p=2
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mxn=4x4, d=1, p=0

mxn=7x7 d=3, p=

o non of them

3. Suppose that a matrix A is diagonalizable and has the characteristic polynomial
det(A — X)) = N*(A—=3)2(A+2)(\ — 4)%

Let (m x n) be the size of the matrix A, d is the dimension of the eigen space
corresponding to the cigenvalue A = 4 and p = (rank (A)). Which of the following
numbers correspond to the matrix A? (choose the correct answer)

mxn=8x8, d=2, p=5>

mxn=8x4, d=3, p=3

mxn=4x4, d=1, p=0

mxn=8x8, d=3, p=5

o non of them

4. Suppose that a matrix A4 is diagonalizable and has the characteristic polynomial
det(A — XI) = A\ — 3)* (A +2)2(\ — 4)%

Let (m x n) be the size of the matrix A, d is the dimension of the eigen space
corresponding to the eigenvalue A = 4 and p = (rank (4)). Which of the following
numbers correspond to the matrix A? (choose the correct answer)
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mxn=7x7, d=2, p=6

mxn=7x4 d=3, p=3

mxn=4x4, d=1, p=0

mxn=7x7, d=3, p==6

o non of them

5. Suppose that a matrix A is diagonalizable and has the characteristic polynomial
det(A — M) = (A =32 (N +2)(A —4)2

Let (m x n) be the size of the matrix A, d is the dimension of the eigen space
corresponding to the eigenvalue A = —2 and p = dim (Col (A)) Which of the
following numbers correspond to the matrix A? (choose the correct answer)

mxn=8x8 d=1, p=5

mxn=8x4, d=3, p=2

mxn=4x4, d=1, p=0

mxn=8x8, d=3, p=5

o non of them
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6. Suppose that a matrix A is diagonalizable and has the characteristic polynomial
det(A — M) = AN —3)*(A+2)°(A — 4)%

Let (m x n) be the size of the matrix A, d is the dimension of the eigen space
corresponding to the eigenvalue A = —2 and p = dim (Col (A)) Which of the
following numbers correspond to the matrix A? (choose the correct answer)

mxn=8x8, d=3, p=7

mxn=8x4, d=3, p=2

mxn=4x4, d=1, p=0

mxn=8x8, d=2, p=7T

o non of them
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21. PROOF PROBLEM 1
1. Given @ € R* with W7% =1, let P = Wu” and Q = I — 2P. Justify

statements:

a) P?*=P;
b) PT=P;
o) Q=1

Proof.
Pr=pPP=@U")uW") =7 (@)U ="
Pl =@u"y'=uu"=r
Q*=QQ=(I—2P)(I—-2P)=1-2P—2P+4P*=1—4P+4P =1.

2. Let S be a maximal linearly independent subset of a vector space V. That is,
S has the property that if a vector o ¢ S, then the new set S U 7, will no longer
be linearly independent. Prove that S must be a basis for V.

— —
Proof. To show that S ={b,..., b,} is a basis, we need to show that
- -
V =span{ bq,..., b,}.
Take any vector U € V. Since SU T is linearly dependent, then

— —
bk:Zl'j bj"—&?,
i#k

— -
for some index k and a # 0. Because if it would be a = 0, then S ={b4,..., b,}
would be linearly dependent. Therefore

1 .
7 — _?k —ZE?J

a @
It shows that any o/ € V is a linear combination of S = {b1,..., b,} and therfore

- -
vespan{ bq,..., b,}.



91

3. Show that

a) if Bis (n x p), then rank(AB) < rank(A) [Hint: Explain why every vector in
the column space of AB is in the column space of A.]

b) Show that if B is (n X p), then rank(AB) < rank(B). [Hint: Use part (a) to
study rank(AB)T ]
Proof. Let us show a). . .

AB=[Ab;...Ab,),
where each column in AB has the form
%
Abp=byd1+ ...+ by dn € Col(A)

and therefore is a linear combination of columns of A. Therefore any 2" € Col(AB)
is actually a vector from Col(A). It shows that

Col(AB) C Col(A).
We conclude that
rank(AB) = dim(Col(AB)) < dim(Col(A)) = rank(A).

Let us show b). We know that rank(A) = rank(A?) since the number of linearly
independent columns is equal to the number of linearly independent rows. Therefore
by using a) we obtain

rank(AB) = rank(AB)" = rank(B" A") < rank(B”) = rank(B).
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22. PROOF PROBLEM 2

1. If
p(t) = co+ it + et + ... 4 cut”,

we define p(A) to be the matrix formed by replacing each power of ¢ in p(¢) by the
corresponding power of A with (A% = I ). That is,

p(A) = col + 1A+ e A* + ...+ ¢, A"
Show that if A is an eigenvalue of A, then one eigenvalue of p(A) is p(A).
Proof. Let AU = A¥. Then
p(A)7 = oV + AV + A2V + ...+, AT
= 007 + cl/\7 + cz)\27 +...+ cn/\”7
= (co+ar+e) 4. 4T
= p(\)7.

Thus p(A) is one eigenvalue of p(A). O

2 Show that I — A is invertible when all the eigenvalues of A are less than 1 in
magnitude.

Proof. If we assume that I — A is not invertible, that the matrix I — A would has
an eigenvalue equal to 0. Then

(I-A)7T =0, < AT =7

and A would have an eigenvalue equal to 1. O

— —
3. Explain why an equation AZ = b gas a solution if and only if b is orthogonal
to all solutions of the equation ATZ =0,

Proof. Denote by o a solution to ATZ = ﬁ

Assume that A7 = ? has solution 7' that is A7 = b . Then
(0,8 = (@, AT = (ATT, @) = (0, 7) = 0.
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We see that b is orthogonal to .

gy : : —
Assume that b is orthogonal to 7, where U is any solution to ATZ =0 ; that

1
is AT = 0. We see that @ € Null(AT) and T e (Null(AT)> . We know that
(Theorem 3, page 337 from the book)

(Null(A")) " = Col(4).

Thus b € Col(A) and therefore there is @ such that AY = 7.



