Problem 1 Solution

Consider the equation system:
r+z=1

ax+y+z=1
rT+y+az=-2

Part (a)

For what values of the parameter a will the system have exactly one solution?

Solution for Part (a)

The coefficient matrix A and its determinant det(A) are:
1 0 1
A=|a 1 1
1 1 a

det(4)=1(1-a—1-1)=0(@-a—1-1)+1(a-1-1-1)=(a—1)+(a—1)=2(a—1)

The system has exactly one solution if det(A) # 0, that is for all values of a except a = 1.

Part (b)

Are there any values of a where the system has no solutions?

Solution for Part (b)

We check the case where det(A) = 0, which is when a = 1. We substitute ¢ = 1 into the augmented
matrix and perform Gaussian elimination.

/101 ] 1
Ab] =L 1 1 1 | 1
11 1 | -2
Already here we see that there is no solution as the two last line in the matrix are identical but the right

hand side is different. x + y + z cannot both equal 1 and —2.
For those who do not notice this, the approach will be to do a Gaussian elimination.

1. RQ%RQ*Rl anng%Rnglz

101 | 1

0101 0

010 | -3
2.R3%R3*R23

1 1| 1

0101 0

0 0| -3

The last row represents the equation 0z + Oy + 0z = —3, which is a contradiction (0 = —3). Therefore,
the system has no solutions when a = 1.

Part (c)
Show that for a = 0, the inverse of the coefficient matrix A is
1 1 -1 1
A7l = (-t 11
1 1 -1



Solution for Part (c)

1

1 0 1
For a = 0, the coefficient matrixis A= |0 1 1 |. We show that A~! is the inverse by verifying that
1 0
the product AA~! equals the identity matrix I.

101\ /1 -1 1
AA ' =(0 1 1)-2[-1 1 1
110/ 2\1 1 -1
(1) +0(=1) +1(1)  1(=1)+0(1) +1(1) 1(1)+0(1) +1(~1)
= (o) +1(-1)+1(1) 0(=1)+1(1)+1(1) 0(1)+1(1) + 1(—1)
2\ +1(-1)+0(1) 1(=1)+1(1)+0(1) 1(1)+1(1)+0(-1)
L{2 00 10 0
—~fo 2 0]=f0o 1 0]|=1
00 2 (0 0 1

Since AA™! = I, the given matrix is verified to be the inverse of A for a = 0.

Part (d)

Write the following equation system on matrix form. Use the result from part (c) to solve the system.
r+z=1
y+z=1
TH+y=-2

Solution for Part (d)

The system can be written in the matrix form Ax = b, where the coefficient matrix A corresponds to
the case a = 0 from the original problem:

1 0 1 x
0 1 1 yl=11
1 1 0 z

The solution is found by multiplying the inverse matrix A~! (from part c) by the constant vector b:

x=A"'b
A1 -1 1 1
-1 1 1
g 2\1 1 1)\
{1 - 1(1) +1(-2) ) 1
=1+ +1(=2) | == [ -2 ~1
1(1) + 1(1) — 1(—2) 4 2

The solution is x = —1, y = —1, and z = 2.



Dynamic Programming Problem: Optimal Stopping

Part (a)

The Bellman equation for this problem is:

1
Vi(zt) = max {R(mt, az) + T3d Vt+1($t+1)}

at

There are two choices of a;. If we choose a; = Stop, then R(xy, a;) = x4 while 2411 = 080 Viy1(a441) =0,
thus when a; = Stop the right hand side of the Bellman equation is x;. Alternatively, if we choose
a; = Stop, there is no immediate revard so the right hand side of the Bellman equation is H%d Vi1 (xeq1).

As we choose a; to maximize the right hand side it follows that

Vi(z) = max {x 1%5%“(5”(1 + r))}

Part (b): Case r <d
Show that if the value function at time ¢ 4+ 1 is given by
Viyi(z) =2

then Vi(z) is also given by
Vilz) =

Determine the optimal policy (u}) at time ¢ based on the assumption r < d.

Solution Sketch for Part (b)
Substitute the hypothesis for V;y; into the Bellman equation:

Vi(z) = max {x [z(1 +r)]}

1+d

The term « is the Value of Stopping. The second term is the Value of Continuing;:

1+7
Value of Continuing = z -

alue of Continuing =z - 7——

Since r < d, we have 112 < 1. Therefore, x - ii; <z

1+r
V = . —
() max{x7 x 1—|—d} x
This verifies the inductive step.
Since the Value of Stopping () is greater than the Value of Continuing (z - iig

is to aj = Stop.

), the optimal policy



Problem 3:

Consider the equation system:

Fy: 1011:}/2 — 2p2:v§/2 =0

Fy: preg +pare —m=0
Assume that x1,zo, p1, p2, m are all non-negative. This system implicitly defines the demand functions
z1(p1, p2, m) and xa(p1, p2, m).

Part (a)
Solution Sketch for Part (a)
Differentiation of F} = plxi/Q - 2p2x§/2 =0:

_(0F OF, oF, OF; oF, B
dFy = <8x1)d331+ (8z2>dx2+ <6p1)dp1+ (ap2>dp2+ <3m> dm =20

1 _ _
<2p1x1 1/2> dxy + (—p2x2 1/2) dxg + (x}/Q)dpl + (—2x5/2)dp2 +(0)dm =0

Total differentiation of Fy = p1z1 + poxs — m = 0:
OFy OF, OF, OFy OF,
dfs = =) d —|d —= | d —= | d —= |dm =0
: (ax) nr (ax> T <6p1> nr (3p2> pat <8m> "
(p1)dzy + (p2)drs + (21)dp1 + (z2)dp2 + (—1)dm = 0

oL . . d!.Cl o dR1 .
Writing the system in matrix form A <d:102> = (ng)'

(25;7 - Pr> (dx1> _ (—x}”dpl +2x;/2dp2>
D1 D2 dxa —x1dp1 — x2dps + dm

Part (b)

A particular solution to the original system is 1 =9, 2o =4, p1 =4, p2 = 3, and m = 48.
Use the system from Part (a) and Cramer’s Rule to estimate the value of the cross-price derivative
dxy/dps at this particular point. AS we only want to find dx;/dps, we set dp; = 0, dm = 0)*

Solution Sketch for Part (b)
To find dz; /dps, we set dp; = 0 and dm = 0 (holding p; and m constant) and divide the system by dps.

The differential system becomes:
P1 _ P2 dxy 9 1/2
& )(E)-)
D1 P2 o —T2
Substitute the values p; = 4,p2 = 3,21 = 9,22 =4 (/71 = 3, /T2 = 2):

(3 3)(Ee)- () = (0 ) () - ()

We can solve this using Cramers rule.

det(A) = det (Qf’ _?;)/2> - (g) (3) - (-2) (4) =2 (~6) =S8

Next we replace the first column of A with the constant vector (_4 4>:

3

det(A) = det (_44 ?;)/2> — (4)(3) - <—2> (—4)=12-6=6

Finally, by Cramers rule

dﬂ?l o det(Al) 6 3

dps J 8 4
The estimated value of dxy/dps at the given point is 3/4.



Solution to Problem 4

(a) Solved:

Using integration by parts,

we get
“ tx 1 tr “ tx
I(t):/ xe da:z[xfe} —/ 1-—e®dx
0 t 0
ta [}
- 1/ e dx
tt ),
(b) Solved:
J(t) = / e dx
0
Then using the Leibniz rule on J(t) :
(o3 6 (o3
J'(t) = / —edr = / re'dr = I(t)
o Ot 0
(c) Solved:

R d C C
tI'(t) + I(t) = tI'(t) + I(t) +t%(7) + "
zw@+ﬂw—§+§
. . o et et —1
=tI'(t) + I(t) = a?e™ — : >

Where the last equality follows as I’(t) is a particular solution.

(d) Solved:

1—1)e*+1
(el =De*+1 C_,

1) =1=1(1) = 5 :

=(a—1De*+1+C=1
=C=1-1—(a—1)e*=e%(1— ).

at a
(atflt); +1 4 € (1257(1))

(So, the particular solution is: I(t) =



Solution to Problem 5

A household consist of a husband H and a wife W. They share a joint utility function U(cy, cw, g, lw)
over consumption ¢ and leisure [ of the husband and wife is represented by Equation (1):

1—v 1—~
c c 1 1—
U Iy, lw) = 2 LA g+ (1= a)lw]? 1
(cu,ew, lu,lw) 1_7+1_7+1_¢[04H+( a)lw] (1)
That is, their utility in consumption is separable while their utility in leisure is non-separable, with
a Pareto-weight « on the husband’s leisure. They have a common budget constraint represented by
Equation (2). The parameter  represents the bargaining power of the husband. The budget constraint
is:

w1 —1lg) +ww(l —lw) = kpcg + (1 — K)gew (2)
with p and ¢ being constant prices of the commodities bought by the husband and wife, respectively.
(a) Write up the Lagrangian for the utility maximization of this household and state all the associated
Lagrange conditions.
Solution:
PPt ] 1 1—¢
L= 1Ii S + 1VK S + % [l + (1 — a)lw] "= Mwg(1=1g)+ww (1—lw)—kpcy — (1 —k)gew) (3)

with associated Lagrange conditions:

Li=cy +Mp=0 (4)
Lo=cy/ +AX1—£K)g=0 (5)
L3 =alaly + (1 —a)ly) ? 4+ wg =0 (6)
Li=(1—-a)(alg + (1 —a)lw)™? + A ww =0 (7)
wy (1l —1lg) +ww(l —lw) = kpeg + (1 — &)gew (8)

(b) Assume an interior solution. Find an expression for the optimal ratio of consumption CC—;I/ in terms
of the parameters ¢, p and k.

Solution: From Equations (4) and (5), we get:

¢y = —Akp

e’ =M1 —r)g
. <0H)” _p_~K
cew q(l1—k)

2o ()

The interpretation (not asked for) is that if the price of the wife’s commodities increases, the household
buys more of the husband’s commodities, and vice versa.

(c) Assume again an interior solution. Show that the first-order conditions imply:

—=-x ©)

11—« Wy

Solution: From Equations (6) and (7), we get:

o (adg+(1—a)lw)™® wy
l—aalg+(1—a)lw)"¢  wy
WH

l—-a ww

Note (not asked for): if this does not hold, either one or both spouses have to be at a corner solution
(with I; =0 and/or [; =1 for j = H,W).



(d) Assume that there is an interior solution, that is, that the condition from (b) holds. Show that

this implies:

odg + (1 —a)ly = (_A“;H)—W _ (_A(lw_wa)) ~1/¢

Solution: Use Equation (6):
alalg + (1 — a)lw)™? + dwg =0
alalg + (1 — a)lw)7¢ = —d\wgy
(alg + (1 — a)ly) ¢ = —A2LL
!

alg + (1 —a)ly = (7)\%)—1#15

Using Equation (7) would yield the other version, using the wife’s wage and Pareto-weight.

(10)



