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Econ 4130      Regular Exam 2021H 
 

 

Problem 1 

 

A. Let X be exponentially distributed with parameter, 1 =  and with probability density 

function (pdf) 

   
for 0

( )
0 for 0

x

X

e x
f x

x

−   
= 

  
   (Written in short: Exp(1)X   ), 

 i.  Derive the cumulative distribution function (cdf), ( )( )XF x P X x=  , and calculate  

  (1 2)P X  . 

 ii. Show that  ( ) ! for 1,2,3,kE X k k=       =    by utilizing the relationship to the 

gamma distribution or to the gamma function. 

 

  [Hint.  You may, for example, use (here or later in the exam set without 

proving) that, if V is gamma distributed with parameters ( , )  , then 

    ( )
( )

, for any real
( )

r

r

r
E V r




 

 +
=        −

 
.    ] 

 

 

 

 

B. Let X be as in A and Y another continuous random variable (rv) such that the conditional 

distribution of Y, given that X x=  is fixed, is a gamma distribution with shape 2x =  

and scale 1 =  (in short:  
2( | ) ( ,1)Y x x  ). 

 

 i. Explain why the regression function of Y with respect to X is given by 
2( | ) .E Y x x=    Is the regression homoscedastic or heteroscedastic?  Give a reason for 

your answer. 

 

 

 ii. Show that ( ) 2 and var( ) 22E Y Y=       = . 

  [Hint. Use, for example, the iterated (Rice: “total”) expectation theorem. ] 

 

 

 

C. i. Show that  cov( , ) 4X Y = , and calculate the correlation coefficient, corr( , )X Y = . 

  [Hint.  Remember the formula, ( )  ( | )E XY E X E Y X=  , that you 

may use without proof. ] 

 

 ii. Considering ( , ) 'X Y  a random vector, write up the covariance matrix of ( , ) 'X Y , 

i.e.,  find cov
X

Y

 
 
 

. 
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 iii. Let W be a random vector of any dimension, and c a constant vector of same 

dimension as W.   

   Explain why  ( ) ( )cov covW c W+ = . 

 

 

 

D. In this section we will prove that, in the present model, there exist constants, a and b, 

and a random error term, u, such that Y a bX u= + + , where u and X are uncorrelated 

and ( ) 0.E u =   

 Put  u Y a bX= − −  and show that the two equations, ( ) 0 and ( ) 0E u E u X=      = ,  lead 

to setting 2 and 4a b= −     = , and that these two values for a and b imply that u and X are 

uncorrelated and ( ) 0.E u =  

 

 

 

 

E. We want to predict Y based on an observation of X.  Two predictors have been 

suggested:  2

1 1 2 2
ˆ ˆ( ) and ( )Y h X X Y h X a bX= =     = = + , where a, b are given in D where 

u Y a bX= − − ,  ( ) 0, and cov( , ) 0E u u X=     = .      

 For any predictor, ˆ ( )Y h X= , the mean squared error (MSE) is defined as

2ˆ ˆ( ) ( )MSE Y E Y Y = −
 

. 

 

 i.  Explain why the MSE of 2Ŷ must be the same as var( )u . 

 

 ii. Show that the MSE of both the suggested predictors are, 

1 2
ˆ ˆ( ) 2 and ( ) 6MSE Y MSE Y=     = . Comment briefly on the result. 

 

  [Hint:   There are several approaches that works in ii. In some 

approaches you may need the following result that you are allowed to use 

here without formal proof:     

   

  If ( , )g x y  is a function of two variables and ( , )g X Y  the resulting rv, 

then fixing X x= implies that    ( , ) | ( , ) |E g X Y X x E g x Y X x= = = .  

   

  In addition, especially for 1Ŷ ,  it may be a good idea to exploit the 

theorem of total (iterated) expectation. ] 

 

 

 

 



3 

 

Problem 2 

The data1 in table 1 are 31n =  strength measurements of a type of glass used in airplane 

windows. We will not go into details about how this is measured, but assume (initially) that 

the data are observations of n independent and identically distributed (iid) random variables 

(rv), 
1 2, , , .nY Y Y   

Note that the observations in table 1 are sorted in ascending order and do not show the 

original random order of the observations. So, for example, the first observation, 1y , is not 

necessarily 18.8, as in the table, but may be any of the numbers.  

 

Table 1 Window strength measurements (sorted in ascending order) 

 

18.8 20.8 21.7 23.0 23.2 24.1 24.3 25.5 25.5 25.8 26.7 

26.8 26.8 27.1 27.7 29.9 31.1 33.2 33.7 33.8 33.9 34.8 

35.8 35.9 37.0 37.1 37.1 39.6 44.0 45.3 45.4     

 

Number of observations:    31n = .       Sample mean,  
1

1
30.82...

n

i

i

y y
n =

= =   

 

 

A. i. Let the random variable (rv) X be the number of observations less or equal to 30 in a 

random sample of 31 observations of window strengths, observed under the same 

condition as in the introduction. Find the observed value of X  ( obsX  ) based on the 

observations in table 1. Explain why X is a binomially distributed rv under the 

conditions described in the introduction. 

 

 

ii. Develop an approximate 95% confidence interval (CI) for p based on X (assuming 

31n =  sufficiently large). If you need Slutsky’s lemma in your argument, explain how 

it is used. Calculate the observed CI. 

 

  [Hint.   You may take as facts (without proof) that  

 (0,1)
(1 )

D

n

X np
Z N

np p →

−
  →     

−
,  

  and that ˆ
X

p
n

= is a consistent estimator of p. ] 

 

 

 

 

B. Now, let Y be Weibull distributed with two parameters 0b   (scale) and  0d   (shape), 

(in short: Weibull( , )Y b d  ).  The cdf of Y is then 

 

 
1 The data are taken from: Fuller, E.J., Frieman, S., Quinn, J., Quinn, G. and Carter, W. (1994) 

Fracture Mechanics Approach to the Design of Glass Aircraft Windows: A Case Study. Proceeding 
SPIE, 2286, 419-430. 
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  1 for 0( ) ( )

0 for 0

d
y

b

Y
e yF y P Y y

y

 
−  

 


 −   =  = 
   

  

 

 i. If 0c   is a constant, show that Weibull( , ) Weibull( , )Y b d cY c b d          . 

 

 ii. Another interpretation of the parameter b is that b represents a certain quantile 

(Rice: “percentile”) in the distribution. Show that ( )P Y b  has the same value in all 

Weibull distributions. Which quantile does b represent? 

 

 iii. Show that Y can be written 
1

, where Exp(1)dY bV V=       (see Problem 1), and 

show that this implies that  

   
1

( ) 1E Y b
d

 
=  + 

 
   

 [Hint:  Show first that Exp(1)

d
Y

V
b

 
=      

 
    ] 

 

 

 

 

 

   

C. We return to the situation in the introduction and assume in addition that the common 

distribution of , 1, 2, ,iY i n   =  is Weibull( , 4)b  , where we, for simplicity, have 

assumed the shape to be known, 4d = .   

 

 i. Show that the pdf of 
iY  is        

    

4

3

4

4
for 0

( )

0 for 0

i

i

y

b

i i
Y i

i

y e y
f y b

y

 
−  

 


   

= 


  

  

 

  

 

 

 ii. Assuming 
1 2, , , nY Y Y  iid as in the introduction, we want to perform a specification 

test of the additional Weibull( , 4)b   assumption for the common distribution. In order to 

use a Pearson chi-square for this, we have grouped the 31 observations in table 1 in 5 

intervals resulting in the frequency table in Table 2. 
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 Table 2.      Frequency table of grouped data from table 1 
    (The upper limit in each interval is inclusive and the lower limit exclusive.) 

 

Category 
 

j 
Intervals 
  

  
Observed 
frequency 

 

jO   

Expected 
frequency 

under 0H   

jE  

2( )j j

j

O E

E

−
  

1 0 - 24 5 7.409 0.783 

2 24 - 30 11 7.657 1.460 

3 30 - 36 8 8.122 0.002 

4 36 - 42 4 5.394 0.360 

5 > 42 3 2.387 0.157 

 

 

 Perform the Pearson chi-square test for 
0 : Weibull( , 4)iH Y b       , using approximately 

5% as level of significance. Comment briefly on the result. 

 

 iii. It turns out that the maximum likelihood estimate (MLE) of b is 33.2107.ˆ
obsb =

Verify2 that the expected frequency under 0H  of category 2 in Table 2 is 
2 7.657E =  

using this.  

 

 

 

 

 

D. We now assume the following model to be true:  

 

  
1 2, , , nY Y Y  are iid with Weibull( , 4)iY b    for 1, ,i n= . 

    

 

 i. Find the moment method estimator (MME) of b, and calculate the estimate. 

 

    [Hint.  You may need the fact that 
1

1 0.9064....
4

 
 + = 

 
 ] 

 

 ii. Show that the maximum likelihood estimator (MLE) of b is given by 

    

1

4
4

1

1ˆ
n

i

i

b Y
n =

 
=  

 
   

 

 

 
2 Small deviations in your answer may be due to rounding errors and therefore tolerated. 
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 iii. We assume that the general conditions for “good behavior” of MLE are fulfilled 

and that the asymptotic normal distribution for b̂  is a satisfactory approximation.  

  

 The Stata output from maximum likelihood estimation of b is given in Table 3. 

 

 

 

Table 3.    Stata output from MLE estimation of b 
  

 Maximum likelihood estimation 

 

Log likelihood = -106.04338                     Number of obs     =         31 

 

------------------------------------------------------------------------------ 

             |      Coef.   Std. Err.     z     P>|z|     [95% Conf. Interval] 

-------------+---------------------------------------------------------------- 

          /b |   33.2107    1.4912      22.27   0.000       30.288     36.133 

 

 

  

• Describe briefly how the 95% CI in Table 3 is calculated.  

• Show how the CI in table 3 can be transformed to an approximate 95% CI for 

( 30)ip P Y=  .  

  [Hint.  Explain first why ( 30)ip P Y=   is a strictly decreasing function 

of b in the present model.  ] 

 

• Calculate the transformed CI and compare with the CI for p in A. 

 

   

 

 


